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SEMICOSIMPLICIAL DGLAS IN DEFORMATION THEORY
DOMENICO FIORENZA, MARCO MANETTI, AND ELENA MARTINENGO
Abstract. We identify Cˇech cocycles in nonabelian (formal) group cohomology with
Maurer-Cartan elements in a suitable L∞-algebra. Applications to deformation theory
are described.
Introduction
Let X be a smooth algebraic variety over an algebraically closed field K of character-
istic 0 and let U = {Ui} be an affine open covering of X. The infinitesimal deformations
of X are controlled by the alternating Cˇech complex of the tangent sheaf
C∗(U ,TX) : 0→
∏
i
Γ(Ui,TX)→
∏
i<j
Γ(Uij ,TX)→ · · ·
in at least two canonical ways. The first is familiar in algebraic geometry and dates back
to Kodaira and Spencer: since every infinitesimal deformation of Ui is trivial [Se06],
if (A,mA) is a local Artin algebra with residue field K, every deformation of X over
Spec(A) is obtained by patching the schemes Ui×Spec(A) along the open subsets Uij×
Spec(A) and therefore by a sequence θij of automorphisms of the trivial deformations
Uij × Spec(A) satisfying the cocycle condition on triple intersections. Since the base
field has characteristic 0, for every open subset U ⊂ X, the group of automorphisms
of the trivial deformation U × Spec(A) is isomorphic to exp(Γ(U,TX) ⊗ mA) and the
deformation equation of X is edije−dkjedki = 1 for k < i < j, or equivalently
(1) dij • (−dkj) • dki = 0, k < i < j, dab ∈ Γ(Uab, TX)⊗mA,
where • is the Baker-Campbell-Hausdorff product and mA is the maximal ideal of A.
The isomorphism classes of deformations of X over Spec(A) are therefore classified by
the first cohomology set H1(U , exp(TX ⊗mA)).
The second way C∗(U ,TX) is related to deformations of X is the subject of this
paper. According the differential graded Lie algebras approach to deformation theory in
characteristic zero, deformations of X are governed by a suitable differential graded Lie
algebra, or more in general, by an L∞-algebra. And indeed, looking at the problem from
the homotopical point of view, following [BoK72] and [Hin97] the isomorphism classes
of infinitesimal deformation of X are governed by the homotopy limit of the cosimplicial
Lie algebra of Cˇech cochains of vector fields over the covering U . Then, using standard
homology perturbation theory we get a canonical sequence of higher brackets {µn} on
the complex C∗(U ,TX) inducing an L∞ structure governing infinitesimal deformations
of X [ChG06, FiM07]. The way this L∞ structure governs deformations of X turns out
to be the most natural possible: we show that the solutions of the deformation equation
(1) coincide, as a subset of C1(U ,TX)⊗mA =
∏
i<j Γ(Uij , TX)⊗mA, with the solutions
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of the Maurer-Cartan equation
(2)
∞∑
n=1
µn(x
⊗n)
n!
= 0, x ∈ C1(U ,TX)⊗mA
for the L∞-algebra (C
∗(U ,TX), µ1, µ2, . . . ), and that two solutions of the deforma-
tion equation give isomorphic deformations if and only if they are homotopy equiv-
alent Maurer-Cartan elements. In other words, we refine Hinich equivalence between
the groupoid DefX of deformations of X and the Deligne groupoid of holim Γ(U ,TX )
to a natural isomorphism of groupoids between DefX and the Poincare´ groupoid of
C∗(U ,TX).
The above constructions extend naturally to any semicosimplicial Lie algebra
g0
//
// g1
//
//
// g2
//
//
//
// · · ·
over a field of characteristic 0. As an immediate geometric application, one obtains
canonical L∞-algebras governing classical deformation problems such as infinitesimal
deformations of a locally free sheaf E of OX -modules and infinitesimal deformations of
the pair (X, E).
The paper is organized as follows: in the first three sections we fix notations, review
results by Hinich [Hin97, Hin05] and Getzler [Get04], and recall the Thom-Whitney
model for the homotopy limit of a semicosimplicial DGLA; in Section 4 we prove our
main result, postponing the details of the construction of the L∞-algebra to the Appen-
dix; finally, in Section 5 geometric applications are described.
We thank the Referee for useful comments and criticism which helped us a lot in
improving this paper. In particular the Referee should be credited for the proof of the
Hinich-Getzler homotopy equivalence theorem we shortly describe in Section 2; namely,
this proof had been sketched in such a detail in one of the Referee’s letters that our only
contribution to it may be considered the eventual introduction of errors and imprecisions.
We thank Donatella Iacono for several interesting conversations on the subject of this
paper.
Throughout the paper, K is a fixed field of characteristic zero.
1. Deligne groupoids and descent data
For any DGLA g, the Deligne groupoid of g is the formal groupoid
Del(g) : ArtK → Grpd,
which associates to every local artinian K-algebra A with maximal ideal mA and residue
field K the action groupoid
Del(g)(A) = MC(g ⊗mA)// exp(g
0 ⊗mA),
where MC(g⊗mA) is the set of Maurer-Cartan elements of the DGLA g⊗mA, i.e., the
set of elements x ∈ g1⊗mA which satisfy the Maurer-Cartan equation dx+
1
2 [x, x] = 0,
and the group exp(g0⊗mA) acts on Maurer-Cartan elements via gauge transformations
ea : x 7→ ea ∗ x. In the above formulas, gi denotes the subspace of degree i elements of
the DGLA g. More explicitly, Del(g)(A) is the small groupoid whose set of objects is
the set Del(g)(A) and with
HomDel(g)(A)(x, x
′) = {a ∈ g0 ⊗mA | e
a ∗ x = x′}.
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Let now g∆ be a semicosimplicial differential graded Lie algebra, i.e., a covariant
functor ∆mon → DGLAs, from the category ∆mon, whose objects are finite ordinal
sets and whose morphisms are order-preserving injective maps between them, to the
category of DGLAs. In other words, g∆ is a diagram
g0
//
// g1
//
//
// g2
//
//
//
// · · ·
where each gi is a DGLA, and for each i > 0 there are i+ 1 morphisms of DGLAs
∂k,i : gi−1 → gi, k = 0, . . . , i,
such that ∂k+1,i+1∂l,i = ∂l,i+1∂k,i, for any k ≥ l.
Applying the Deligne functor to g∆, we obtain a semicosimplicial formal groupoid
Del(g∆). The groupoid of descent data for Del(g∆), i.e., the homotopy limit of the dia-
gram Del(g∆), is easily desribed: it is the formal groupoid whose objects are pairs (l,m)
with l an object in Del(g0) and m a morphism in Del(g1) between ∂0,1l and ∂1,1l, such
that the three images of m via the maps ∂i,2 are the edges of a 2-simplex in the nerve of
Del(g2); morphisms between (l0,m0) and (l1,m1) are morphisms a in Del(g
0) between
l0 and l1 making the diagram
∂0,1l0
em0 //
e
∂0,1a

∂1,1l0
e
∂1,1a

∂0,1l1
em1 // ∂1,1l1
in Del(g1) commute. In a more compact and explicit (but less enlighting) form, for any
local Artin algebra A, holimDel(g∆)(A) is the small groupoid whose set of objects is
the set (l,m) ∈ (g10 ⊕ g01)⊗mA
∣∣∣∣∣∣∣
dl + 12 [l, l] = 0,
em ∗ ∂0,1l = ∂1,1l,
e∂0,2me−∂1,2me∂2,2m = 1

and whose set of morphisms between two objects (l0,m0) and (l1,m1) is the set{
a ∈ g00 ⊗mA
∣∣∣∣∣ ea ∗ l0 = l1e−m0e−∂1,1aem1e∂0,1a = 1
}
.
Note that in the case g∆ is a semicosimplicial Lie algebra, i.e., all the DGLAs gi are
concentrated in degree zero, the set of objects of the groupoid of descent data for Del(g∆)
is the set of nonabelian 1-cocycles
Z1(exp(g1))(A) = {m ∈ g1 ⊗mA | e
∂0,2(m)e−∂1,2(m)e∂2,2(m) = 1},
while the set of its morphisms between the two objectsm0 andm1 is the set of 1-bordisms
between m0 and m1:
{a ∈ g0 ⊗mA | e
−∂1,1(a)em1e∂0,1(a) = em0}.
Therefore, the groupoid of descent data is a groupoid refinement of the nonabelian group
cohomology set H1(exp(g1 ⊗mA)).
The name ‘groupoid of descent data’ has an evident geometric origin. Consider, for
instance, the classical problem of deformations of a smooth complex variety X. The
groupoid-valued functor of infinitesimal deformations of X is the functor
DefX : Top(X)×ArtC → Grpd
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which maps an open subset U of X and a local Artin C-algebra A to the groupoid
whose objects are deformations of U over the pointed formal scheme Spec(A), and
whose morphisms are isomorphisms between deformations. It is well known that DefX
is a formal stack over the site Top(X). In particular, the formal groupoid of global
deformations of X is the groupoid of descent data for local deformations:
DefX(X) ≃ holimU∈∆U DefX(U),
where ∆U is the semisimplicial object in TopX associated with an open cover U of X. If
U is an affine (or Stein in the complex analytic case) open subset of X and A is a local
Artin C-algebra, then the groupoid DefX(U ;A) is equivalent to the action groupoid
∗// exp(TX(U)⊗mA), where TX is the tangent sheaf of X. That is,
DefX(U) ≃ Del(TX(U)).
This equivalence is compatible with restriction maps; therefore if we consider the Cˇech
semicosimplicial Lie algebra TX(U) associated with the tangent sheaf and an affine open
cover U of X, i.e.,∏
i TX(Ui)
//
//
∏
i<j TX(Uij)
//
//
//
∏
i<j<k TX(Uijk)
//
//
//
// · · · ,
we obtain a commutative diagram of formal groupoids
Del(
∏
i TX(Ui))
≀

//
//
∏
i<j Del(TX(Uij))
≀

//
//
//
∏
i<j<kDel(TX(Uijk))
≀

//
//
//
// · · ·
∏
iDefX(Ui)
//
//
∏
i<j DefX(Uij)
//
//
//
∏
i<j<kDefX(Uijk)
//
//
//
// · · ·
,
where all the vertical arrows are equivalences. It follows that the induced map between
homotopy limits is an equivalence, and so holimU∈∆U Del(TX(U)) is equivalent to the
groupoid of descent data for infinitesimal deformations of X (and so it is equivalent
to the groupoid of infinitesimal deformations of X). In particular, one recovers the
classical description of the set of isomorphism classes of infinitesimal deformations of X
over Spec(A) as
H1(X; exp(TX ⊗mA)).
Closely related examples are infinitesimal deformations of a locally free sheaf E of OX-
modules and infinitesimal deformations of the pair (X, E). The above argument verbatim
applies to these cases: the sheaves of Lie algebras involved are the sheaf End(E) of
endomorphisms of E and the sheaf D1(E) of first order differential operators on E with
scalar principal symbol, respectively.
2. Overview of Hinich and Getzler results
One obtains a much more versatile theory moving from formal groupoids to formal∞-
groupoids, i.e., to functorsArtK → Kan complexes. There is an obvious functorial way
to produce an∞-groupoid out of a groupoid, which is taking its nerve, i.e., the simplicial
set whose k-simplices are the k-tuples of composable morphisms in the groupoid. This
way, the Deligne groupoid of a DGLA g is promoted to the formal ∞-groupoid
N(Del(g)) : ArtK → Kan complexes.
It is a remarkable insight of Sullivan [Su77], then fully investigated by Hinich and Getzler
[Hin97, Get04] that, when g is concentrated in nonnegative degrees, N(Del(g)) admits
a simple description in terms of differential forms on algebraic simplices. More precisely,
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for every n ≥ 0, denote by Ωn the differential graded commutative algebra of polynomial
differential forms on the standard n-simplex ∆n:
Ωn =
K[t0, . . . , tn, dt0, . . . , dtn]
(
∑
ti − 1,
∑
dti)
,
and, or any DGLA g, consider the functor
MC∞(g) : ArtK → SSet,
which associates to every local artinian K-algebra (A,mA) the simplicial set MC((g ⊗
⊗Ω•)⊗mA). Then Hinich proves
Proposition 2.1 ([Hin97], Proposition 2.2.3). Let g be a DGLA concentrated in noneg-
ative degree. Then there is a natural homotopy equivalence:
Φ : MC∞(g)
≃
−→ N(Del(g)).
In particular, Φ induces an equivalence of formal groupoids π≤1MC∞(g) ≃ Del(g).
The map Φ has a simple explicit expression on the lower skeleta. Namley both sides
have the same 0-skeleton, and Φ is the identity on this set; on 1-simplices, Φ it is given
as follows: every element in MC(g ⊗ Ω1)(A) can be uniquely written as e
p(t) ∗ ξ, where
p(t) ∈ (g0⊗Ω01)⊗mA satisfies p(0) = 0 and ξ ∈ MC(g)(A), and Φ maps e
p(t) ∗x to p(1).
The construction of MC∞ naturally generalizes to L∞-algebras: one just has to replace
the Maurer-Cartan functor of a DGLA with its version for L∞-algebras; nalmely, with
the functor
MC(g) : ArtK → Set,
mapping (A,mA), to the set
MC(g)(A) =
x ∈ g1 ⊗mA
∣∣∣∣∣∣
∑
n≥1
[x, x, . . . , x]n
n!
= 0
 ,
where
[ , . . . , ]n : ∧
n g→ g[2− n]
are the brackets of the L∞-algebra g.
Hinich and Getzler prove that the simplicial set valued functor MC∞(g) takes values
in Kan complexes, for any DGLA and, more generally, for any L∞-algebra g. Moreover
they prove that the functor MC∞ sends surjective morphisms of DGLAs to fibrations
of Kan complexes and quasi-isomorphisms of DGLAs to equivalences of Kan complexes;
both these statements generalize to L∞-algebras. Since surjective morphisms and quasi-
isomorphisms are the fibrations and the weak-equivalences in the standard model struc-
ture on the category of DGLAs (see [Pr07]), Hinich and Getzler results are a first major
step toward the formalization of the following folk statement: the (∞, 1)-category of
L∞-algebras is equivalent to the (∞, 1)-category of formal ∞-groupoids, which naturally
generalizes the well known equivalence between the category of Lie algebras and the
category of formal Lie groups (in characteristic zero). Recently, a further major step in
this direction has been made by Pridham, who proves in [Pr07] that the homotopy cat-
egories of DGLAs and of L∞-algebras is equivalent to a certain category of SSet-valued
functors of Artin rings (‘geometric’ deformation functors, see also [Man02]).
However, in the present paper we are not interested in the above correspondence, but
rather in another of Hinich results from [Hin97]; namely that the functor
MC∞ : DGLAs
≥0 → Formal ∞-Grpds,
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where DGLAs≥0 denotes the full subcategory of DGLAs consisting of differential
graded Lie algebras concentrated in nonnegative degrees, commutes with homotopy
limits. In other words, Hinich proves the following
Proposition 2.2 ([Hin97], Theorem 4.1). Let g∆ be a semicosimplicial DGLA such
that gk is concentrated in nonnegative degrees for any k ≥ 0. Then there is a natural
equivalence of functors
MC∞(holim g
∆) ≃ holimMC∞(g
∆).
Let us sketch a proof of this result by induction on the length of the descending
cental series of the nilpotent semicosimplicial Lie algebra g∆ ⊗ mA, verbatim following
the argument in [Get04]. To avoid cumbersome notations, let us write h∆ for g∆ ⊗ mA
and denote by {F ih∆}i≥1 the descending central series of h
∆, i.e., the filtration defined
by F 1h∆ = h∆ and
F ih∆ =
∑
j+k=i
[F jh∆, F kh∆], for i > 1
(note that nilpotence degree of the hk’s is uniformly bounded by the nilpotence degree
of mA). Also, let us write MC∞(h
∆) for MC∞(g
∆)(A).
The base of the induction is F 2h∆ = 0, i.e. an abelian h∆. In this case, the homotopy
equivalence MC∞(holim h
∆) ≃ holimMC∞(h
∆) is just the Eilenberg-Zilber-Dold-Kan-
Puppe theorem [GoJ99], as one immediately realizes by noticing that an abelian DGLA
concentrated in nonnegative degrees is the same thing as a complex of abelian groups
concentrated in nonnegative degrees; that the total complex of the bicomplex associated
with a semicosimplicial complex h∆ of abelian groups is a model for holim(h∆) in the
model category of complexes; that the diagonal of a bisimplicial set X•,• is naturally
homotopy equivalent to the simplicial set holimnXn,• (see, e.g., Chapter 4 in [GoJ99]);
and, finally, that looking at a complex of abelian groups h as an abelian DGLA, the
Dold-Kan correspondence h 7→ HomCh+(Ab)(Chains(∆•), h) is nothing but the functor
h 7→ MC(h⊗Ω•). Note that the original Dold-Kan correspondence is formulated in terms
of cosimplicial abelian groups rather than in terms of semicosimplicial abelian groups
as we did here: we implicitly used the fact that every semisimplicial object induces a
simplicial object by Kan extension.
Next, if the length of the descending central series of h∆ is equal to i > 1, consider the
following diagram of simplicial sets and morphisms, induced by the universal property
of homotopical limits:
MC∞(holim( F
2h∆))
≀

// MC∞(holim (h
∆))

// MC∞(holim (h
∆/F 2h∆))
≀

holim MC∞(F
2h∆) // holim MC∞(h
∆) // holim MC∞(h
∆/F 2h∆).
Since the length of descending central series of F 2h∆ is at most i − 1 and h∆/F 2h∆
is abelian, the inductive hypothesis applies and so the leftmost and rightmost vertical
morphisms are homotopy equivalences. Moreover the horizontal sequences are fibration
sequences (homotopy limits preserve fibrations), so by the long exact sequence of homo-
topy groups also the central vertical morphism is a homotopy equivalence.
Remark 2.3. Following Getzler, one could extend the above result to semicosimplicial
L∞-algebras concentrated in nonnegative degree, and so, in particular, to DGLAs whose
cohomology is concentrated in nonnegative degree.
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Combining Propositions 2.1 and 2.2, Hinich obtains that, for semicosimplicial DGLAs
concentrated in nonnegative degrees, the Deligne functor commutes with homotopy lim-
its, i.e., there is a natural equivalence of formal groupoids
Del(holim g∆) ≃ holimDel(g∆).
The main result of the present paper consists in showing that, when g∆ is a semicosim-
plicial Lie algebra, by choosing a suitable model T˜ot(g∆) for holim g∆ in the category of
L∞-algebras one can refine the above equivalence to an isomorphism of formal groupoids
π≤1MC∞(T˜ot(g
∆)) ∼= holimDel(g∆).
In other words, descent data for Del(g∆)(A) are identified with Maurer-Cartan elements
of the L∞-algebra T˜ot(g
∆ ⊗mA) and isomorphisms between descent data are identified
with (homotopy classes of) homotopy equivalences between Maurer-Cartan elements.
3. The Thom-Whitney model and homotopy transfer of L∞-structures
Our first step towards the construction of the L∞-algebra T˜ot(g
∆ ⊗ mA) consists
in considering the Thom-Whitney model for the homotopy limit of g∆ in the model
category of DGLAs, i.e., the end
TotTW (g
∆) =
∫
n∈N
Ωn ⊗ gn.
More explicitly, denote by Ωin the degree i component of Ωn and by δ
k,n : Ωn → Ωn−1,
k = 0, . . . , n, the face maps. Then we have natural morphisms of bigraded DGLAs
δk,n : Ωn ⊗ gn → Ωn−1 ⊗ gn, ∂k,n : Ωn−1 ⊗ gn−1 → Ωn−1 ⊗ gn
for every 0 ≤ k ≤ n, and the Thom-Whitney DGLA TotTW (g
∆) is defined as the total
complex of the Thom-Whitney bicomplex
Ci,jTW (g
∆) = {(xn)n∈N ∈
∏
n
Ωin ⊗ g
j
n | δ
k,nxn = ∂k,nxn−1 ∀ 0 ≤ k ≤ n}
(the Lie brackets on the gi’s induce a Lie bracket on the total complex, making it a
DGLA).
Since the model structure on the category DGLA is defined as for differential com-
plexes (with surjective morphisms as fibrations), the complex underlying the DGLA
TotTW (g
∆) is a model for holim g∆ in the model category of differential complexes
(where, with a little abuse of notation, we have denoted by the same symbol the semi-
cosimplicial complex underlying g∆). However, in the model category of complexs there
is a smaller and more tractable model for the homotopy limit of g∆; namely, its total
complex. Let us briefly recall its construction. If g∆ is a semicosimplicial complex, with
morphisms ∂k,i : gi−1 → gi, for k = 0, . . . , i, then the maps
∂i = ∂0,i − ∂1,i + · · ·+ (−1)
i∂i,i
endow the vector space
⊕
i gi with the structure of a differential complex. Moreover,
each gi is a differential complex: gi =
⊕
j g
j
i , di : g
j
i → g
j+1
i , and, since the maps ∂k,i
are morphisms of complexes, the space g•• =
⊕
i,j g
j
i has a natural bicomplex structure,
whose associated total complex (Tot(g∆), dTot) is
Tot(g∆) =
⊕
i
gi[−i], dTot =
∑
i,j
∂i + (−1)
jdj .
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When g∆ is a semicosimplicial DGLA, there is unfortunately no hope that Tot(g∆) is
a model for holim(g∆) in the model category of DGLAs: the complex (Tot(g∆), dTot)
carries no natural DGLA structure. Yet, one can overcome this problem by going in the
larger category of L∞-algebras. Indeed, TotTW (g
∆) and Tot(g∆) are homotopy equiva-
lent as differential complexes, being both models for the holim g∆ in the model category
of complexes, and so, by homotopy transfer of structure, one can induce on Tot(g∆)
an L∞-algebra structure making it quasi-isomorphic (as an L∞-algebra) to the DGLA
TotTW (g
∆). What is relevant is that, using results by Whitney and Dupont, this L∞-
algebra enrichment of the complex Tot(g∆) can be done in a functorial way, that is we
have a commutative diagram of functors
L∞-algebras

[∆mon,DGLAs]
T˜ot
55lllllllllllll
Tot ))RR
RR
RR
RR
RR
RR
R
Complexes
where the vertical arrow is the forgetful functor. More precisely, to any morphism
g∆ → h∆ of semicosimplicial DGLAs, it corresponds a linear L∞-morphism T˜ot(g
∆)→
T˜ot(h∆); see the Appendix for the detailed construction of T˜ot(g∆).
4. An isomorphism of groupoids
Since the n-ary brackets of an L∞ algebra l have degree 2 − n, the subspace l
>0 of
elements of strictly positive degree is a sub-L∞ algebra of l. On the semicosimplicial
DGLAs side, the corresponding operation consists in repalcing the DGLA g0 in g
∆ with
the zero DGLA, thus giving the semicosimplicial DGLA
g∆>0 : 0
//
// g1
//
//
// g2
//
//
//
// g3
//
//
//
//
//
. . .
There is an obvious semicosimplicial DGLA morphism g∆>0 → g∆ which is the identity
on gi for any i > 0. By functoriality of the T˜ot, this morphism induces a linear L∞-
morphism T˜ot(g∆>0)→ T˜ot(g∆), which is nothing but the inclusion⊕
i>0
gi[−i] →֒
⊕
i
gi[−i],
so that, if g∆ is a semicosimplicial Lie algebra (i.e., all the gk are concentrated in degree
0) we have an identification
T˜ot(g∆>0) = (T˜ot(g∆))>0.
Having introduced these notations, we can prove the main result of this paper.
Theorem 4.1. Let g∆ be a semicosimplicial Lie algebra. The there is a natural isomor-
phism of formal groupoids
π≤1MC∞(T˜ot(g
∆)) ∼= holimDel(g∆).
Proof. Let us choose TotTW as a model for the homotopy limit of a semicosimplicial
DGLA. Then, by results from Section 2 and by the naturality of the L∞-quasiisomorphism
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E∞ : T˜ot→ TotTW provided by the homotopy transfer, we have a commutative diagram
of formal groupoids
π≤1MC∞(T˜ot(g
∆>0))
∼ //

π≤1MC∞(TotTW (g
∆>0))
∼ //

holimDel(g∆>0)

π≤1MC∞(T˜ot(g
∆))
∼ // π≤1MC∞(TotTW (g
∆))
∼ // holimDel(g∆)
where the horizontal arrows are equivalences. The commutativity of this diagram is
strict, i.e., we have a commutative diagram between the sets of objects:
MC(T˜ot(g∆>0))
E∞ // MC(TotTW (g
∆>0))
Φ //

Z1(exp(g1))
MC(T˜ot(g∆))
E∞ // MC(TotTW (g
∆))
Φ // Z1(exp(g1))
where we used the description of the objects in holimDel(g∆) given in Section 1, and Φ
is the map described in Proposition 2.1. More precisely, since TotTW (g
∆) is a subDGLA
of
∏
n≥0Ωn ⊗ gn, an element x ∈ MC(TotTW (g
∆))(A) will have a component x1 in
MC(Ω1 ⊗ g1)(A). The element x1 can be uniquely written as e
p(t) ∗ ξ1, with p(t) ∈
(Ω01 ⊗ g
0)⊗mA satisfying p(0) = 0 and ξ1 ∈ MC(g1)(A); one has Φ(x) = p(1).
Therefore, to prove that π≤1MC∞(T˜ot(g
∆))
∼
−→ holimDel(g∆) is an isomorphism, we
are reduced to show that the equivalence
π≤1MC∞(T˜ot(g
∆>0))
∼
−→ holimDel(g∆>0)
is an isomorphism. And this is obvious, since both the groupoid on the left and on
the right hand side are discrete (i.e., their only morphisms are identities), and so any
equivalence between them is actually an isomorphisms.
To see that holimDel(g∆>0) is discrete, just look at the explicit description given
in Section 1. Finally, recall that T˜ot(g∆>0) = (T˜ot(g∆))>0. Therefore a 1-simplex σ
in MC∞(T˜ot(g
∆>0))(A) has the form σ = x(t), with x(t) ∈ g1[t] ⊗ mA satisfying the
Maurer-Cartan equation for the L∞-algebra (T˜ot(g
∆)⊗Ω1)⊗mA. Written out explicitly,
this equation has the form
dx(t)
dt
+ dTotx(t) +
∑
n≥2
[x(t), x(t), . . . , x(t)]n
n!
= 0
so, looking at the degree 1 component with respect to the Ω1-grading, we found
dx(t)
dt
= 0,
i.e. σ is a constant path. 
Remark 4.2. For g∆ a semicosimplicial Lie algebra, let
g1 : ArtK → Sets
be the functor of Artin rings defined by (A,mA) 7→ g1 ⊗ mA. Then both MC(T˜ot(g
∆))
and Z1(exp(g1)) are functors over g1, and one can show that the natural transformation
Φ ◦ E∞ : MC(T˜ot(g
∆))→ Z1(exp(g1))
10 DOMENICO FIORENZA, MARCO MANETTI, AND ELENA MARTINENGO
is a natural transformation of functors over g1 (see the Appendix). In more colloquial
terms, for any local Artin algebra (A,mA), the 1-cocycles with coefficients in exp(g1⊗mA)
and the Maurer-Cartan elements of the L∞-algebra T˜ot(g
∆)⊗mA are the same subset
of g1 ⊗mA.
5. Geometric applications
Let L be a sheaf of Lie algebras on a topological space X. Then, for any open cover
U of X we have the Cˇech semicosimplicial Lie algebra L(U)∏
i L(Ui)
//
//
∏
i<j L(Uij)
//
//
//
∏
i<j<k L(Uijk)
//
//
//
// · · · .
If the cover U is acyclic for L, then holimL(U) ≃ RΓ(X;L), so a suitable model for
the module of derived global sections of L has natural structure of DGLA. For instance,
we can choose TotTW (L(U)) as such a model. Therefore, summing up results from the
previous sections, we obtain that the groupoid of descent data for Del(L(U)) is equivalent
to the Deligne groupoid
Del(RΓ(X;L)),
see [Hin05], and isomorphic to the formal groupoid
π≤1MC∞(T˜ot(L(U))).
Going from groupoids to their sets of isomorphisms classes of objects, we obtain an
isomorphism of functors ArtK → Sets
π0Del(L(U))
∼
−→ π0MC∞(T˜ot(L(U))).
The functor on the left hand side is H1(X; exp(L)), whereas the functor on the right
hand side is the classical deformation functor associated to the L∞-algebra T˜ot(L(U)),
see, e.g., [Man02]. Therefore, we obtain at once the following two results:
• the functorH1(X; exp(L)) is a deformation functor, with tangent spaceH1(X;L)
and obstruction space contained in H2(X;L);
• if ϕ : L1 → L2 is a morphism of sheaves of Lie algebras over X, then H
2(ϕ) maps
the obstruction space ofH1(X; exp(L1)) to the obstruction space ofH
1(X; exp(L2)).
As an illustrative example, let E be a locally free sheaf of OX -modules on a smooth
variety X, and let End(E) be its sheaf of endomorphisms. Then H1(X; exp(End(E)))
is the classical functor of deformations of E , i.e., the deformation functor mapping a
local Artin algebra (A,mA) to the set of isomorphism classes of deformations of E over
Spec(A). The trace
tr : End(E)→ OX
is a morphism of sheaves of Lie algebras. SinceOX is abelian, so is T˜ot(OX(U)), therefore
H1(X;O∗X ) is unobstructed. And so, the obstructions to deforming E are contained in
ker{tr : H2(X; End(E))→ H2(X;OX )}.
Remark 5.1. If X is a paracompact Hausdorff space, one can compute the derived
global sections of L by considering a fine resolution of L, i.e., a fine sheaf F of DGLAs
concentrated in nonnegative degree over X, together with an quasiisomorphism L → F .
Indeed, in this situation one has natural quasi-isomorphisms of DGLAs
RΓ(X;L)
∼
−→ RΓ(X;F)
∼
←− Γ(X;F).
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This way one recovers the infinitesimal version of Newlander-Nirenberg theorem, i.e.,
that infinitesimal deformations of a smooth complex manifold are controlled by the
Kodaira-Spencer DGLA A0,•(X;TX) of (0, q)-forms with coefficients in the holomorphic
tangent sheaf of X (see, e.g., [GoM90, Iac07]). Similarly, A0,•(X; End(E)) controls the
infinitesimal deformations of the locally free sheaves of OX -modules E , and A
0,•
X (D
1(E))
controls the infinitesimal deformations of the pair (X, E).
6. Appendix: the L∞ quasi-isomorphism T˜ot(g
∆)→ TotTW (g
∆)
In this section we follow [ChG06] to endow the total complex of a semicosimplicial
DGLA g∆ with a canonical L∞-algebra structure; a particular case of this construction
appears in [FiM07]. Notations from Section 3 will be used throughout this Appendix. It
is a remarkable fact, first noted by Whitney [Whi57], that the integration maps∫
∆n
⊗ Id: Ωn ⊗ gn → gn[−n]
give a quasi-isomorphism of differential complexes
I : (TotTW (g
∆), dTW )→ (Tot(g
∆), dTot).
Moreover, Dupont describes [Dup76, Dup78] (see also [Get04, NaA87]) an explicit mor-
phism of differential complexes
E : Tot(g∆)→ TotTW (g
∆)
and an explicit homotopy
h : TotTW (g
∆)→ TotTW (g
∆)[−1]
such that
IE = IdTot(g∆); EI − IdTotTW (g∆) = [h, dTW ].
The morphism of complexes E : Tot(g∆) → TotTW (g
∆) is defined as follows. If γ ∈ gji ,
the element E(γ) = (E(γ)n) ∈ C
i,j
TW (g
∆) is given by:
E(γ)n = 0 if n < i,
E(γ)n = i!
∑
I∈I(i,n)
ωI ⊗ ∂
Iγ if n ≥ i,
where I(i, n) is the set of all multiindices I = (a0, a1, . . . , ai) ∈ Z
i+1, such that 0 ≤
a0 < a1 < . . . ai ≤ n and, if I ∈ I(i, n), I is the complementary multiindex. If I =
(a0, a1, . . . , ai) ∈ I(i, n), we indicate with ωI the differential form:
ωI =
i∑
s=0
(−1)stasdta0 ∧ dta1 ∧ . . . ∧ d̂tas ∧ . . . ∧ dtai ∈ Ω
i
n.
If I = (b1, b2, . . . , bn−i) is the complementary multiindex of I, and γ ∈ g
j
i , we indicate
with ∂Iγ the element
∂Iγ = ∂bn−i,n ◦ · · · ◦ ∂b2,i+2 ◦ ∂b1,i+1γ ∈ g
j
n.
The homotopy h : TotTW (g
∆) → TotTW (g
∆)[−1] is then defined as follows: if x =
(ηn ⊗ γn) ∈ C
i,j
TW (g
∆), the image h(x) ∈ Ci−1,jTW (g
∆) is given by:
h(x)n =
∑
0≤r<i
∑
I∈I(r,n)
r! ωI ∧ hI(ηn)⊗ γn,
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where I(r, n) and ωI are as before, and, if I = (a0, . . . , ar) ∈ I(r, n), then the map hI is
given by the composition hI = har ◦ · · · ◦ ha0 , where the maps ha = π ◦ ψ
∗
a : Ω
∗
n → Ω
∗−1
n
are the compositions of the integration over the first factor
π : Ω∗([0, 1] ×∆n)→ Ω
∗(∆n) = Ω
∗
n
η(u, ta, du, dta) 7→
∫
u∈[0,1]
η(u, ta, du, dta)
and the pull-back by the dilation maps:
ψa : [0, 1] ×∆n → ∆n
(u, t0, . . . tn) 7→ ((1 − u)t0, . . . , (1− u)ta + u, . . . (1− u)tn).
More explicitly, the map ha : Ω
∗
n → Ω
∗−1
n is given by:
ha(η(t0, . . . , tn, dt0, . . . , dtn)) =
∫
u∈[0,1]
η((1−u)t0, . . . , (1−u)ta+u, . . . (1−u)tn, du, dta).
We refer to the papers [Get04, NaA87] for a proof of the identities IE = IdTot(g∆) and
EI − IdTotTW (g∆) = [h, dTW ]. Here we point out that E and h are defined in terms of
integration over standard simplices and multiplication with canonical differential forms:
in particular the construction of TotTW (g
∆), Tot(g∆), I, E and h is functorial in the
category [∆mon,DGLAs] of semicosimplicial DGLAs.
We are now in position to use the homotopical transfer of structure theorem to induce
on Tot(g∆) an L∞-structure from the DGLA structure on TotTW (g
∆). To state and
discuss a few aspects of this transfer, it is convenient to use the decalage isomorphism
and look at the n-ary brackets of an L∞ algebra as graded symmetric multilinear maps
qn : Sym
n(V [1])→ V [2]
With this convention, the homotopy transfer theorem reads as follows (see, e.g., [Fuk01,
HuK91, Kad82, KoS99, KoS01]).
Theorem. Let (V, q1, q2, q3, . . . ) be an L∞-algebra and (C, δ) be a differential complex.
If there exist two morphisms of differential complexes
E : (C[1], δ[1])→ (V [1], q1) and I : (V [1], q1)→ (C[1], δ[1])
such that the composition EI is homotopic to the identity, then there exist an L∞-algebra
structure (C, qˆ1, qˆ2, . . . ) on C extending its differential complex structure and an L∞-
morphism E∞ extending E. In particular, if E is a quasi-isomorphism of complexes,
then E∞ is a quasi-isomorphism of L∞-algebras.
It has been remarked by Kontsevich and Soibelman in [KoS01] (see also [Fuk01])
that the L∞-morphism E∞ and the brackets qˆn can be explicitly written as summations
over rooted trees. Let h ∈ Hom−1(V [1], V [1]) be an homotopy between EI and IdV [1],
i.e., q1h + hq1 = EI − IdV [1], and denote by Th,n be the groupoid whose objects are
directed rooted trees with internal vertices of valence at least two and exactly n tail
edges; trees in Th,n are decorated as follows: each tail edge of a tree in Th,n is decorated
by the operator E, each internal edge is decorated by the operator h and also the root
edge is decorated by the operator h; every internal vertex v carries the operation qr,
where r is the number of edges having v as endpoint. Isomorphisms between objects in
Th,n are isomorphisms of the underlying trees. Denote the set of isomorphism classes of
objects of Th,n by the symbol Th,n. Similarly, let TI,n be the groupoid whose objects are
directed rooted trees with the same decoration as Th,n except for the root edge, which
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is decorated by the operator I instead of h. The set of isomorphism classes of objects of
TI,n is denoted TI,n. Via the usual operadic rules, each decorated tree Γ ∈ Th,n gives a
linear map
ZΓ(E, I, h, qi) : C[1]
⊙n → V [1],
similarly, each decorated tree Γ ∈ TI,n gives rise to a degree one multilinear operator on
C[1] with values in C[1].
Having introduced these notations, we can write Kontsevich-Soibelman’s formulas as
follows.
Proposition. In the above set-up the brackets qˆn, and the L∞ morphism E∞ can be
expressed as sums over decorated rooted trees via the formulas
En =
∑
Γ∈Th,n
ZΓ(E, I, h, qi)
|Aut Γ|
; qˆn =
∑
Γ∈TI,n
ZΓ(E, I, h, qi)
|AutΓ|
; n ≥ 2.
Corollary. Let g∆ be a semicosimplicial Lie algebra. Then there is a natural isomor-
phism
MC(T˜ot(g∆))
∼
−→ Z1(exp(g∆))
of functors [ArtK,Sets] over g1.
Proof. Recall from the proof of Theorem 4.1 that we have a natural isomorphism of
functors Φ ◦ E∞ : MC(T˜ot(g
∆))
∼
−→ Z1(exp(g∆)), so we just have to prove that the
diagram
MC(T˜ot(g∆))
Φ◦E∞ //
incl.
%%L
LL
LL
LL
LL
L
Z1(exp(g∆))
incl.
yyss
ss
ss
ss
ss
g1
commutes, i.e., that the composition Φ◦E∞ is “the identity” on elements in MC(T˜ot(g
∆)).
Let x be such an element; by definition, Φ reads only the (Ω1 ⊗ g1)-component of
E∞(x). We have (E1(x))1 = E(x)1 = (t0 dt1 − t1 dt0)x, which, under the isomorphism
Ω1 ≃ C[t, dt] reads (E1(x))1 = −x dt. If n ≥ 2, the formulas for En involve the subgraph
◦
•
GG
GG
G
##
◦
wwwww
;; •//  
E
JJ
Ett
q2
JJ
J
$$
ttt
:: h //,
where a white dot denotes an external vertex (a leaf) and a black dot an internal one,
and so they involve the operation q2(E ⊗ E) on Sym
2(g1). Since we have:
E : g1 →
∏
i≥1
Ω1i ⊗ gi, q2 : Sym
2(
∏
i≥1
Ω1i ⊗ gi)→
∏
i≥2
Ω2i ⊗ gi,
and
h :
∏
i≥2
Ω2i ⊗ gi →
∏
i≥2
Ω1i ⊗ gi,
the element En(x, x, . . . , x) has zero (Ω1 ⊗ g1)-component, for n ≥ 2. Then ΦE∞(x) =
ΦE1(x) = Φ(−xdt) = Φ(e
tx ∗ 0) = x. 
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